We prove that any weak* continuous semigroup (Tt) t 0 of Markov Fourier multipliers acting on a group von Neumann algebra VN(G) associated to a unimodular locally compact group G can be dilated by a weak* continuous group of Markov * -automorphisms on a bigger von Neumann algebra. Our construction is even new for the group R n . We also give a similar result for semigroups of Markov measurable Schur multipliers. Our results implies the boundedness of the McIntosh's H ∞ functional calculus of the generators of these semigroups on the associated noncommutative L p -spaces.
Introduction
The study of dilations of operators is of central importance in operator theory and has a long tradition in functional analysis. Indeed, dilations are powerful tools which allow to reduce general studies of operators to more tractable ones.
Suppose 1 < p < ∞. In the spirit of Sz.-Nagy's dilation theorem for contractions on Hilbert spaces, Fendler [Fen1] proved a dilation result for any strongly continuous semigroup (T t ) t 0 of positive contractions on an L p -space L p (Ω). More precisely, this theorem says that there exists a (bigger) measure space Ω ′ , two positive contractions J :
(Ω) and a strongly continuous group of positive invertible isometries (U t ) t∈R on L p (Ω ′ ) such that (1.1) T t = P U t J for any t 0, see also [Fen2] . Note that in this situation, J :
is a contractive projection. In the noncommutative setting, measure spaces and L p -spaces are replaced by von Neumann algebras and noncommutative L p -spaces and positive maps by completely positive maps. In their remarkable paper [JLM] , Junge and Le Merdy essentially 1 showed that there is no hope to have a "reasonable" analog of Fendler result for semigroups of completely positive contractions acting on noncommutative L p -spaces. It is a striking difference with the world of classical (=commutative) L p -spaces of measure spaces. The semigroups of selfadjoint Markov Fourier multipliers plays a fundamental role in noncommutative harmonic analysis and operator algebras, see e.g. [Haa1] , [JMP1] and [JMP2] . In this paper, our main result (Theorem 3.1) gives a dilation of weak* continuous semigroups of Markov Fourier multipliers acting on the group von Neumann algebra VN(G) of a unimodular locally compact group G in the spirit of (1.1) but at the level p = ∞. Our construction induces an isometric dilation similar to the one of Fendler's theorem for the strongly continuous semigroup induced by the semigroup (T t ) t 0 on the associated noncommutative L p -space L p (VN(G)) for any 1 p < ∞. Note that our paper [Arh4] gives a nonconstructive and complicated proof of such a dilation and effective only for discrete groups. Here our approach is very different, direct and short. In addition, it can also be used with non-discrete unimodular locally compact groups. We refer to [Arh1] , [Arh2] , [Arh4] [ALM], [AFM] , [HaM] and [Ric] for related things.
One of the important consequences of Fendler's theorem is the boundedness, for the generator of a strongly continuous semigroup (T t ) t 0 of positive contractions, of a bounded H ∞ functional calculus which is a fundamental tool in various areas: harmonic analysis of semigroups, multiplier theory, Kato's square root problem, maximal regularity in parabolic equations, control theory, etc. For detailed information, we refer the reader to [Haa] , [JMX] , [KW] and to the recent book [HvNVW2] and references therein. Our theorem also gives a similar result on H ∞ functional calculus in the noncommutative context. The paper is organized as follows. The next section 2 gives background. In particular, we give some information on crossed products since our construction relies on this notion. Section 3 gives a proof of our main result of dilation of semigroups of Markov Fourier multipliers. Next Section 4, we prove a similar result for semigroups of Markov measurable Schur multipliers In the last section 5, we describe some applications of our results to functional calculus.
Preliminaries
Isonormal processes Let H be a real Hilbert space. An H-isonormal process on a probability space Ω 0 [Nua1, Definition 1. 
. Furthermore, the second quantization functor Γ satisfies the following.
Lemma 2.1 If u : G → B(H) is a strongly continuous representation of a locally compact group
Von Neumann algebras Let M be a von Neumann algebra. We denote by U(M ) the group of all unitaries of M . Suppose that M is equipped with a semifinite normal faithful weight ψ. We denote by m + ψ the set of all positive x ∈ M such that ψ(x) < ∞ and m ψ its complex linear span which is a weak* dense * -subalgebra of M .
Let M and N be von Neumann algebras equipped with faithful normal semifinite weights ψ M and ψ N . We say that a positive linear map T : M → N is weight preserving if for any Proof : First, we prove that M equipped with its canonical locally convex structure which gives the strong topology is quasi-complete. Consider a bounded Cauchy net (x i ) of elements of M for this structure. Then, for any h ∈ H, (x i (h)) is a Cauchy net of elements of H, hence converges. So (x i ) is a net which converges for the strong topology and which is bounded by the uniform boundedness principle. It is well-known that this implies that (x i ) converges strongly to some bounded linear operator x. Since each x i belongs to M . We conclude that x belongs to M , we conclude that the strong structure is quasi-complete.
Recall that a net (x i ) is Cauchy in the strong* topology if and only if (x i ) and (x * i ) are Cauchy in the strong operator topology and that (x i ) converges to x in the strong* topology if and only if (x i ) and (x * i ) converge to x and x * in the strong operator topology. Using this fact, it is not difficult to see that the canonical locally convex structure which gives the strong* topology is quasi-complete. Finally, recall that the strong* topology coincide with the strong* topology on bounded subsets. So the proof is complete.
Group von Neumann algebras
Let G be a locally compact group equipped with a fixed left invariant Haar measure µ G . For a complex function g : G → C, we write λ(g) for the left convolution operator (in general unbounded) by g on L 2 (G). This means that the domain of
exists for almost all t ∈ G and for which the resulting function g * f belongs to L 2 (G), and for such f , we let λ(g)f = g * f . Finally, by [HeR1, Corollary 20.14 
. Let VN(G) be the von Neumann algebra generated by the set λ(g) : g ∈ L 1 (G) . It is called the group von Neumann algebra of G and is equal to the von Neumann algebra generated by the set {λ s : s ∈ G} where
is the left translation by s.
Crossed products We refer to [Haa2] , [Haa3] , [Str1] , [Sun] and [Tak2] . Let M be a von Neumann algebra acting on a Hilbert space H. Let G be a locally compact group equipped with some left Haar measure µ G . Let α : G → M be a representation of G on M which is weak* continuous, i.e. for any x ∈ M and any y ∈ M * , the map
These operators satisfy the following commutation relation:
Recall that the crossed product of M and G with respect to β is the von Neumann algebra
′′ on the Hilbert space L 2 (G, H) generated by the operators π(x) and λ s ⊗ Id H where x ∈ M and s ∈ G. By [Dae1, Proposition 2.5] π is a normal injective * -homomorphism from M into M ⋊ α G (hence σ-strong* continuous).
We denote by K(G, M ) the space of σ-strong* continuous function f : 
Note that the space of elements
By [Dae1, Proposition 3.13] and its proof 3 , we have the following result. The second part is an obvious observation left to the reader. 
There exists a unique normal unital injective
* -homomorphism χ ⋊ Id VN(G) : M ⋊ α1 G → M ⋊ α2 G such that for any s ∈ G and any x ∈ M 1 (2.10) χ ⋊ Id VN(G) (π 1 (x)) = π 2 (χ(x)), χ ⋊ Id VN(G) (λ s ⊗ Id H1 ) = λ s ⊗ Id H2 .
We have
The following is a particular case of [Tak1, Proposition 3.5] (and its proof). The last part is again an easy computation left to the reader.
Proposition 2.4 Let M be an abelian von Neumann algebra equipped with a continuous action α of a locally compact group G. Suppose that there exists a strongly continuous function
Then there exists an * -isomorphism χ :
2. In the book [Str1] , the author considers weak* continuous functions, it seems problematic since the product of M is not weak* continuous even on bounded sets (that is equivaent to the weak continuity of the product on bounded sets).
3. The proof of [Dae1, Proposition 3.13] does not use the surjectivity.
Moreover, we have
We equip M ⋊ α G with the dual (semifinite normal faithful) trace τ ⋊ . If M = C, we recover the Plancherel trace τ G on VN(G).
Fourier multipliers
In this case, we let T = M φ and we say that φ is the symbol of T . We refer to the book [KaL1] and references therein for more information and to [ArK1] for Fourier multipliers on noncommutative L p -spaces. 
Semigroups of Fourier multipliers
For any s ∈ G, we deduce that
Dilations of semigroups of Fourier multipliers
The following theorem is our main result. 
In particular, if r, s ∈ G and if t ∈ R, we have
Since π is continuous, by Lemma 2.1, we obtain a continuous action α :
and Lemma 2.3, we obtain the injective normal unital * -homomorphism
which is clearly trace preserving. Using [Str1, Theorem 10.1], we introduce the canonical faithful normal trace preserving conditional expectation E :
For any f which is regular enough, we have
For any t 0, we consider the function u :
. For any r, s ∈ G, note that
Hence (2.11) is satisfied. By Proposition 2.4, we obtain a well-defined * -isomorphism
Moreover, for any t, t ′ ∈ R and any f ∈ K(G, L ∞ (Ω 0 )), we have
By density, we conclude that U t U t ′ = U t+t ′ . It is entirely left to to the reader to check that (U t ) t∈R is a weak* continuous group and that each U t is trace preserving. For any t 0 and any f ∈ K(G), we have
Thus by density, for any t 0, we have (3.1).
Remark 3.2
In a next paper, we will examine the case of non-unimodular locally compact groups.
Dilation of semigroups of Schur multipliers
Let Ω be a σ-finite measure space. Here S
, we denote the associated Hilbert-Schmidt operator by
We say that a measurable function φ :
In this case, by the graph closed theorem, the linear map S 
Lemma 4.1 For any
The following is a straightforward generalization of [Arh1, Proposition 5.4]. 
Proposition 4.2 Suppose that
for any t 0, where 
. We define the canonical injective normal unital * -homomorphism
It is clear that the map J preserves the traces. We denote by E :
(Ω)) the canonical faithful normal trace preserving conditional expectation of M onto B(L 2 (Ω)). For any ω 0 ∈ Ω 0 and any t 0, we introduce the element k t,ω0 of L ∞ (Ω) defined by
). Now, for any t 0 we define the linear map
If t ∈ R, it is easy to see that the map U t is a trace preserving * -automorphism of M and that (U t ) t∈R is a weak* continuous group. For any K f and almost all r, we have
Hence we have
. By weak* density, we deduce (4.3).
Applications
We start with a little background on sectoriality and H ∞ functional calculus. We refer to [Haa] , [KW] , [JMX] , [HvNVW2] and [Arh2] for details and complements. Let X be a Banach space. Using the connection between the existence of dilations in UMD spaces and H ∞ functional calculus together with the well-known angle reduction principle of Kalton-Weis relying on Rsectoriality, Theorem 3.1 allows us to obtain the following:
